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Controllability of brain networks

Neuronal networks
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State-space model{
ẋ(t) = Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t)

• A system is controllable if it can be stirred to a desired target state

in a finite time.
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Test for Controllability

• Kalman’s controllability test (Kalman 1960)

A linear system, ẋ(t) = Ax(t) + Bu(t), is controllable if its

controllability matrix C = [B,AB,A2B, . . . ,An−1B] has full rank.

• Structural controllability

A LS is structurally controllable if there exists a controllable

system whose binary versions of the connectivity and input

projection matrices are correspondingly the same.

• Lin’s structural controllability test (Lin 1974)

A LS is str. controllable if it has neither dilation nor inaccessibility.
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Optimal Configuration of Controllable LS

• Controllability of Complex Networks (Liu et al. 2011, Nature)

finding the minimum number of ’driver nodes’ for a controllable LS.

- Matching Set:

(a, b) ∈ M and (c, d) ∈ M ⇒ a ̸= c and b ̸= d .
- Maximal Matching Set

(a, b) /∈ M ⇒ {(a, b)} ∪ M is not a matching set.

- Maximum Matching Set

maximal and with maximum cardinality.

- Driver Nodes

unmatched nodes

Optimal Configuration of Controllable LS

• Controllability of Complex Networks (Liu et al. 2011, Nature)

finding the minimum number of ’driver nodes’ for a controllable LS.

- Matching Set:

(a, b) 2 M and (c, d) 2 M ) a 6= c and b 6= d .

- Maximal Matching Set

(a, b) /2 M ) {(a, b)} [ M is not a matching set.

- Maximum Matching Set

maximal and with maximum cardinality.

- Driver Nodes

unmatched nodes

2.2. METHODS
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1
Controllability of a complex system deals with how a dynamical system could be maneu-
vered to a specified target states, whereas observability concerns with tracing back the past
dynamics from the current measurement [1, 2]. Supplying a driving input to or measuring
the output from each node is usually infeasible to control or observe the system. In gen-
eral, this infeasibility problem is usually solved by identifying or recruiting critical nodes
and edges for a certain purpose [3–6]. For control systems, in particular, structural control-
lability validates a set of nodes for being essential driving sites [7,8]. Recent studies provide
further details on causes of uncontrollable systems as well as ways of identifying an optimal
set of critical nodes [9–12]. Throughout this paper, we refer these nodes with the least pos-
sible number as control nodes and denote their cardinality by nC N . Similarly, we call the
minimum set of nodes required for observability as sensor nodes and denote their cardinal-
ity by nSN .

There are many graph theoretical measures to characterise networks [13–15]. Most of these
structural measures however do not correlate well with the network dynamics. The system-
atic study of control nodes and sensors could facilitate a better link between structure and
dynamics of a network.

Network Structure is not static [16, 17]. Addition or removal of edges is one of the principal
causes for the structure updates [18–21]. In neuronal networks, there is activity-dependent
or activity-independent structural plasticity [22–25]. This structural transformation of net-
works demands a new control profile setting. If a critical edge fails to function properly, it
is necessary to reconfigure the old control profile by recruiting new set of control nodes or
supplementing the old set with an extra node. To understand how the number of control
nodes or sensors is affected in the process, we developed different edge deletion mecha-
nisms and analysed their performance in different networks. Each deletion procedure is
exhaustive until further removal causes network fragmentation. All the progressive deletion
mechanisms also explain the effect of edge addition as the two procedures are complemen-
tary to each other. We have also proved the equality of the numbers of control nodes and
sensors for a given system.

2

Figure 2.1: Schematic Description Of Dilation, Inaccessibility And Maximum Matching
Red arrows indicate the edges that constitute a maximum matching set. Green arrows indicate
the external control input. a: Dilation and inaccessibility problems are independent of one another.
(a left): Example of dilation: an input at n3 could reach every node, but branching causes dilation.
(a right): Example of inaccessibility: an input from n4 could not reach any other node however,
there is no dilation. b: Maximum flow, shown at (b right), is adapted to extract maximum
matching set of a simple example (b left). The network is represented as a bipartite graph so
that maximum flow from a global source node s to global target node t identifies a maximum
matching set. Note that nodes s and t are not part of the original network.

The selected edges in a maximum flow correspond to an MM set (cf. Fig. 2.1b). As a result of the

multiple choice of edges of many networks for the maximum flow, there are different options of

MM sets and hence controls (cf. Supplementary Fig. S1).

2.2.4 Models Of Complex Networks

To investigate the performance of the pruning strategies, we used biological, social and artificial

random networks with different topologies. The biological networks includes the long-distance re-

gional connectivity of the macaque brain [74], the mesoscale connectivity map of the mouse brain

[75] and the neuronal network connectivity in C. elegans[12]. We used Google+[76], Facebook[77],

Airport[78], Amazon[79], Peer-to-Peer[80, 81], EU-email[81] and Wikipedia-vote [82] networks

in the category of social and related networks for our demonstration. The artificial networks

included random [11], small-world [12] and scale-free networks (see the Supplementary Infor-

mation: Network generation procedures). To create scale-free networks, three models were

used; namely, Barabási-Albert, duplication divergence and local attachment models [13, 83–86].

Table 3.1 summarizes the basic statistical features of the networks.

15

matching set: M = {e1} = {(n1, n2)}
maximal mset: M = {e1, e3}

maximum mset: M = {e1, e2, e4}
fewest drivers: D = {n1}

3

matching set: M = {e1} = {(n1, n2)}
maximal mset: M = {e1, e3}

maximum mset: M = {e1, e2, e4}
fewest drivers: D = {n1}

3



Of the first steps: 1.1. Identifying CNs on BNNs

Macaque brain

Macaque

10

Of the first steps: 1. Identifying CNs on BNNs

Macaque brain

progressively smaller physical regions.‡The brainmap can provide
a natural frame of reference within which to correlate, aggregate,
and understand various merged brain regions. Conceptually,
merging brain regions and extracting a hierarchy can be carried out
according to logical and formal calculus developed by CoCoMac
curators (20–22, 24). In practice, the tasks are made formidable by
a number of factors. For example, (i) there are partially over-

lapping brain regions (SI Appendix, Fig. S5); (ii) there are direct
conflicts between mapping relations (SI Appendix, Fig. S3); (iii)
there are implied indirect conflicts that are far too numerous and
inherently insidious (SIAppendix, Fig. S3); and (iv) there are errors
and omissions in the underlying database, which itself is large.
Although it is difficult to define a formal metric against which
a single hierarchical brain map can be defensibly constructed,
reassuringly, any hierarchical brain map built on the same set
ofmerged regions will atmost affect the resolution of the network-
theoretical analysis. In this study, we have constructed one hier-
archical brain map, at the highest resolution that the data
can meaningfully support, toward our goal of network analysis

Fig. 1. Macaquebrain long-distancenetwork. Each vertex of thenetwork corresponds toabrain region in thehierarchicalbrainmapof SI Appendix, Fig. S6, andeach
edgeencodes thepresenceof long-distanceconnectionbetweencorrespondingbrain regions. Edges aredrawnusingalgorithmicallybundled splines (25). SIAppendix,
Tables S2 and S3provide a summary of the number of edges inmajor corticocortical and corticosubcortical subnetworks. A colorwheel is used for better discrimination
amongst brain regions. For the leaf brain regions in the two outermost circles, the color wheel is rotated by 120° and 240°. The edges are drawn in black. SI Appendix,
Table S1 enumerates the entire hierarchical brainmap and provides a complete index to acronyms of the brain regions; it has been color-coded for wider accessibility.

‡This usage of physical hierarchical partition of brain into its constituent parts is different
from logical hierarchical information processing in visual cortex, as discussed in the
article by Felleman and Van Essen (2).

13486 | www.pnas.org/cgi/doi/10.1073/pnas.1008054107 Modha and Singh
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1
Controllability of a complex system deals with how a dynamical system could be maneu-
vered to a specified target states, whereas observability concerns with tracing back the past
dynamics from the current measurement [1, 2]. Supplying a driving input to or measuring
the output from each node is usually infeasible to control or observe the system. In gen-
eral, this infeasibility problem is usually solved by identifying or recruiting critical nodes
and edges for a certain purpose [3–6]. For control systems, in particular, structural control-
lability validates a set of nodes for being essential driving sites [7,8]. Recent studies provide
further details on causes of uncontrollable systems as well as ways of identifying an optimal
set of critical nodes [9–12]. Throughout this paper, we refer these nodes with the least pos-
sible number as control nodes and denote their cardinality by nC N . Similarly, we call the
minimum set of nodes required for observability as sensor nodes and denote their cardinal-
ity by nSN .

There are many graph theoretical measures to characterise networks [13–15]. Most of these
structural measures however do not correlate well with the network dynamics. The system-
atic study of control nodes and sensors could facilitate a better link between structure and
dynamics of a network.

Network Structure is not static [16, 17]. Addition or removal of edges is one of the principal
causes for the structure updates [18–21]. In neuronal networks, there is activity-dependent
or activity-independent structural plasticity [22–25]. This structural transformation of net-
works demands a new control profile setting. If a critical edge fails to function properly, it
is necessary to reconfigure the old control profile by recruiting new set of control nodes or
supplementing the old set with an extra node. To understand how the number of control
nodes or sensors is affected in the process, we developed different edge deletion mecha-
nisms and analysed their performance in different networks. Each deletion procedure is
exhaustive until further removal causes network fragmentation. All the progressive deletion
mechanisms also explain the effect of edge addition as the two procedures are complemen-
tary to each other. We have also proved the equality of the numbers of control nodes and
sensors for a given system.

2

Figure 2.1: Schematic Description Of Dilation, Inaccessibility And Maximum Matching
Red arrows indicate the edges that constitute a maximum matching set. Green arrows indicate
the external control input. a: Dilation and inaccessibility problems are independent of one another.
(a left): Example of dilation: an input at n3 could reach every node, but branching causes dilation.
(a right): Example of inaccessibility: an input from n4 could not reach any other node however,
there is no dilation. b: Maximum flow, shown at (b right), is adapted to extract maximum
matching set of a simple example (b left). The network is represented as a bipartite graph so
that maximum flow from a global source node s to global target node t identifies a maximum
matching set. Note that nodes s and t are not part of the original network.

The selected edges in a maximum flow correspond to an MM set (cf. Fig. 2.1b). As a result of the

multiple choice of edges of many networks for the maximum flow, there are different options of

MM sets and hence controls (cf. Supplementary Fig. S1).

2.2.4 Models Of Complex Networks

To investigate the performance of the pruning strategies, we used biological, social and artificial

random networks with different topologies. The biological networks includes the long-distance re-

gional connectivity of the macaque brain [74], the mesoscale connectivity map of the mouse brain

[75] and the neuronal network connectivity in C. elegans[12]. We used Google+[76], Facebook[77],

Airport[78], Amazon[79], Peer-to-Peer[80, 81], EU-email[81] and Wikipedia-vote [82] networks

in the category of social and related networks for our demonstration. The artificial networks

included random [11], small-world [12] and scale-free networks (see the Supplementary Infor-

mation: Network generation procedures). To create scale-free networks, three models were

used; namely, Barabási-Albert, duplication divergence and local attachment models [13, 83–86].

Table 3.1 summarizes the basic statistical features of the networks.
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Connectivity

- Network size:

N = 360

- Network density:

⇢ = 0.05

- num of edges:

nE = 6602

4Modha et al. 2014 (adopted)

Connectivity

- Network size: N = 360

- Network density: ρ = 0.05

- num of edges: nE = 6602

Maxflow

Of the first steps: 1. Identifying CNs on BNNs

Macaque brain

progressively smaller physical regions.‡The brainmap can provide
a natural frame of reference within which to correlate, aggregate,
and understand various merged brain regions. Conceptually,
merging brain regions and extracting a hierarchy can be carried out
according to logical and formal calculus developed by CoCoMac
curators (20–22, 24). In practice, the tasks are made formidable by
a number of factors. For example, (i) there are partially over-

lapping brain regions (SI Appendix, Fig. S5); (ii) there are direct
conflicts between mapping relations (SI Appendix, Fig. S3); (iii)
there are implied indirect conflicts that are far too numerous and
inherently insidious (SIAppendix, Fig. S3); and (iv) there are errors
and omissions in the underlying database, which itself is large.
Although it is difficult to define a formal metric against which
a single hierarchical brain map can be defensibly constructed,
reassuringly, any hierarchical brain map built on the same set
ofmerged regions will atmost affect the resolution of the network-
theoretical analysis. In this study, we have constructed one hier-
archical brain map, at the highest resolution that the data
can meaningfully support, toward our goal of network analysis

Fig. 1. Macaquebrain long-distancenetwork. Each vertex of thenetwork corresponds toabrain region in thehierarchicalbrainmapof SI Appendix, Fig. S6, andeach
edgeencodes thepresenceof long-distanceconnectionbetweencorrespondingbrain regions. Edges aredrawnusingalgorithmicallybundled splines (25). SIAppendix,
Tables S2 and S3provide a summary of the number of edges inmajor corticocortical and corticosubcortical subnetworks. A colorwheel is used for better discrimination
amongst brain regions. For the leaf brain regions in the two outermost circles, the color wheel is rotated by 120° and 240°. The edges are drawn in black. SI Appendix,
Table S1 enumerates the entire hierarchical brainmap and provides a complete index to acronyms of the brain regions; it has been color-coded for wider accessibility.

‡This usage of physical hierarchical partition of brain into its constituent parts is different
from logical hierarchical information processing in visual cortex, as discussed in the
article by Felleman and Van Essen (2).
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1
Controllability of a complex system deals with how a dynamical system could be maneu-
vered to a specified target states, whereas observability concerns with tracing back the past
dynamics from the current measurement [1, 2]. Supplying a driving input to or measuring
the output from each node is usually infeasible to control or observe the system. In gen-
eral, this infeasibility problem is usually solved by identifying or recruiting critical nodes
and edges for a certain purpose [3–6]. For control systems, in particular, structural control-
lability validates a set of nodes for being essential driving sites [7,8]. Recent studies provide
further details on causes of uncontrollable systems as well as ways of identifying an optimal
set of critical nodes [9–12]. Throughout this paper, we refer these nodes with the least pos-
sible number as control nodes and denote their cardinality by nC N . Similarly, we call the
minimum set of nodes required for observability as sensor nodes and denote their cardinal-
ity by nSN .

There are many graph theoretical measures to characterise networks [13–15]. Most of these
structural measures however do not correlate well with the network dynamics. The system-
atic study of control nodes and sensors could facilitate a better link between structure and
dynamics of a network.

Network Structure is not static [16, 17]. Addition or removal of edges is one of the principal
causes for the structure updates [18–21]. In neuronal networks, there is activity-dependent
or activity-independent structural plasticity [22–25]. This structural transformation of net-
works demands a new control profile setting. If a critical edge fails to function properly, it
is necessary to reconfigure the old control profile by recruiting new set of control nodes or
supplementing the old set with an extra node. To understand how the number of control
nodes or sensors is affected in the process, we developed different edge deletion mecha-
nisms and analysed their performance in different networks. Each deletion procedure is
exhaustive until further removal causes network fragmentation. All the progressive deletion
mechanisms also explain the effect of edge addition as the two procedures are complemen-
tary to each other. We have also proved the equality of the numbers of control nodes and
sensors for a given system.

2

Figure 2.1: Schematic Description Of Dilation, Inaccessibility And Maximum Matching
Red arrows indicate the edges that constitute a maximum matching set. Green arrows indicate
the external control input. a: Dilation and inaccessibility problems are independent of one another.
(a left): Example of dilation: an input at n3 could reach every node, but branching causes dilation.
(a right): Example of inaccessibility: an input from n4 could not reach any other node however,
there is no dilation. b: Maximum flow, shown at (b right), is adapted to extract maximum
matching set of a simple example (b left). The network is represented as a bipartite graph so
that maximum flow from a global source node s to global target node t identifies a maximum
matching set. Note that nodes s and t are not part of the original network.

The selected edges in a maximum flow correspond to an MM set (cf. Fig. 2.1b). As a result of the

multiple choice of edges of many networks for the maximum flow, there are different options of

MM sets and hence controls (cf. Supplementary Fig. S1).

2.2.4 Models Of Complex Networks

To investigate the performance of the pruning strategies, we used biological, social and artificial

random networks with different topologies. The biological networks includes the long-distance re-

gional connectivity of the macaque brain [74], the mesoscale connectivity map of the mouse brain

[75] and the neuronal network connectivity in C. elegans[12]. We used Google+[76], Facebook[77],

Airport[78], Amazon[79], Peer-to-Peer[80, 81], EU-email[81] and Wikipedia-vote [82] networks

in the category of social and related networks for our demonstration. The artificial networks

included random [11], small-world [12] and scale-free networks (see the Supplementary Infor-

mation: Network generation procedures). To create scale-free networks, three models were

used; namely, Barabási-Albert, duplication divergence and local attachment models [13, 83–86].

Table 3.1 summarizes the basic statistical features of the networks.

15

Connectivity

- Network size:

N = 360

- Network density:

⇢ = 0.05

- num of edges:

nE = 6602

4

4



Of the first steps: 1.1. Identifying CNs...

A set of control nodes

Macaque

10

Of the first steps: 1. Identifying CNs...

A set of control nodes

progressively smaller physical regions.‡The brainmap can provide
a natural frame of reference within which to correlate, aggregate,
and understand various merged brain regions. Conceptually,
merging brain regions and extracting a hierarchy can be carried out
according to logical and formal calculus developed by CoCoMac
curators (20–22, 24). In practice, the tasks are made formidable by
a number of factors. For example, (i) there are partially over-

lapping brain regions (SI Appendix, Fig. S5); (ii) there are direct
conflicts between mapping relations (SI Appendix, Fig. S3); (iii)
there are implied indirect conflicts that are far too numerous and
inherently insidious (SIAppendix, Fig. S3); and (iv) there are errors
and omissions in the underlying database, which itself is large.
Although it is difficult to define a formal metric against which
a single hierarchical brain map can be defensibly constructed,
reassuringly, any hierarchical brain map built on the same set
ofmerged regions will atmost affect the resolution of the network-
theoretical analysis. In this study, we have constructed one hier-
archical brain map, at the highest resolution that the data
can meaningfully support, toward our goal of network analysis

Fig. 1. Macaquebrain long-distancenetwork. Each vertex of thenetwork corresponds toabrain region in thehierarchicalbrainmapof SI Appendix, Fig. S6, andeach
edgeencodes thepresenceof long-distanceconnectionbetweencorrespondingbrain regions. Edges aredrawnusingalgorithmicallybundled splines (25). SIAppendix,
Tables S2 and S3provide a summary of the number of edges inmajor corticocortical and corticosubcortical subnetworks. A colorwheel is used for better discrimination
amongst brain regions. For the leaf brain regions in the two outermost circles, the color wheel is rotated by 120° and 240°. The edges are drawn in black. SI Appendix,
Table S1 enumerates the entire hierarchical brainmap and provides a complete index to acronyms of the brain regions; it has been color-coded for wider accessibility.

‡This usage of physical hierarchical partition of brain into its constituent parts is different
from logical hierarchical information processing in visual cortex, as discussed in the
article by Felleman and Van Essen (2).

13486 | www.pnas.org/cgi/doi/10.1073/pnas.1008054107 Modha and Singh

D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//w

w
w

.p
na

s.o
rg

 b
y 

78
.3

1.
19

9.
40

 o
n 

M
ay

 2
5,

 2
02

4 
fr

om
 IP

 a
dd

re
ss

 7
8.

31
.1

99
.4

0.

Driver nodes:

- 12 from DiE

- 9 from OL

- 9 from FL

- 4 from TL

- 3 from Cg

- 1 from Ins

- 1 from MB

In total

- 39 driver nodes

- 10.8% of the nodes

5
Modha et al. 2014 (adapted)

In total: 39 driver nodes (10.8% of the nodes)

Region DiE OL FL TL Cg Ins MB

nCN 12 9 9 4 3 1 1
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Of the first steps: 1.2. Identifying alternative MMs

Enumerating MMs
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Supplementary Figure S1. Extraction of all possible sets of control nodes from the maximum matching set
The parent of the tree in a. The example considers a digraph edge set
E = {(n1,n2),(n2,n3),(n3,n4),(n4,n5),(n2,n5),(n5,n2),(n4,n3),(n4,n6)}. For this network, M0 = {(n1,n2),(n2,n3),(n3,n4),(n4,n5)}
can be an MM set. a: Given the edge set E and a master MM set M0, new MM sets, M1 . . .M7, are extracted at each branch of the tree using
the bipartite version of the digraph. A branch is possible if there exists an alternating directed cycle (e.g. the parent bipartite graph of the tree
contains such a cycle {n5,n4,n3,n2,n5}) or a special path of length two (e.g. the child bipartite graph contains such a path (n1,n2,n5)) (see
the algorithm in section ). Edges in red form a maximum matching set at each consideration. b. The digraph, all the eight maximum
matchings (in red), and the corresponding control nodes (in magenta). The possible control nodes are {n1,n6},{n1,n3} and {n1,n5}.

Network generation procedures54

All networks studied here are without self connections and assumed to have non-overlapping nodes. As described in the main55

text, both experimental and artificial network data have been investigated for the susceptibility of their control profile to edge56

pruning. The main synthetic complex random networks included scale-free networks and networks with high, intermediate and57

low small-world indices. In this section, we describe how these synthetic networks were generated.58

Small-world, random and intermediate networks59

We adapted the Watts-Strogatz mechanism of generating different graphs to digraphs.60

• Step 1: Generate a ring lattice61

According to the desired density, we generated a ring network of N nodes with k degree each. The edges were oriented in62

3/11
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Of the first steps: 2. Input design on simple models

Control input design

• Equivalent Statements:

i. The system ẋ = Ax + Bu is controllable.

ii. WC(t) =
∫ t
0

eAτBB′eA′τdτ is non-singular.

iii. C = [B,AB,A2B, . . . ,An−1B] has full rank.

iv. ∀λi of A, Λi = [(A − λi I ),B] has full rank.

• u(A,B, t, x0, xtf ) = −BTeAT (tf −t0)W−1
c (tf )[eAtf x0 − xf ]

• demo. on simple BG model

Our first steps: 2. Input design on simple models

• Equivalent Statements:

i. The system ẋ = Ax + Bu is controllable.

ii. WC(t) =
R t
0

eA⌧BB0eA0⌧d⌧ is non-singular.

iii. C = [B, AB, A2B, . . . , An�1B] has full rank.

iv. 8�i of A, ⇤i = [(A � �i I ), B] has full rank.

• u(A, B, t, x0, xtf ) = �BTeAT (tf �t0)W�1
c (tf )[eAtf x0 � xf ]

• demo. on simple BG model

3.1.2 A simplified model

In our illustration, we used a simplified model of basal ganglia circuitry. The network , as
shown in figure 4, comprises only seven subpopulational nodes; namely, the cortex, the
thalamus, the subthalamic nucleus (STN), the D1 expressing striatal MSNs, the D2 express-
ing striatal MSNs, the external Globus Pallidus (GPe) and the internal Globus Pallidus (GPi).
The Substantia Nigra pars reticulata are included in the GPi node due to their anatomical
and functional similarities they share (Albin 1989, Bolam 2000, Stocco 2011). The Substantia
Nigra pars compacta have also been absent as an independent node because their stimula-
tion or lesion has been observed to have no direct effect. (sticky notes). Although almost
every pair of nodes have forward and feedback projections to and from each other, we only
considered relatively stronger links. As explained int the above subsection, only striatal and
palidal nuclei sends out inhibitory projections which are shown in red colour in figure 4.

In view of structural controllability analysis, there is a cycle containing all the nodes ex-
cluding D1 and D2. There is also another larger cycle that excludes STN that shares some
links with the first one. The participation of all nodes in cycles guarantee that they are both
senders and receivers in the network, no dilation. Moreover, any node is able to access the
whole network and therefore can be a control node. It is very interesting to have this full
freedom of choice of CNS while its cardinality is kept optimal. One evident advantage is
that it allows experimentalists to choose a region which is relatively easy to stimulate with
reduced level of interference. Other main benefits include comparisons in resources such
as energy consumptions and durations to attain a target.
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D1! D2!

D1! D2!

Quantitative Methods

Week 4 - Day 2 - Point Neuron

March 25, 2014

1 Point neuron model

• Ctx Cortex

• STN Sub-thalamic nucleus

• Tha Thalamus

• D1 D1 receptor neurons

• D2 D2 receptor neurons

• GPe external Globus Pallidus

• GPi internal Globus Pallidus

Acronyms

1

Figure 4: A simplified connectivity schematic of the basal ganglia The left digraph shows
a simplified connectivity of the seven main neural subpopulations: the two striatal nodes,
the two pallidal nodes and the STN in the basal ganglia together with cortical and thalamic
nodes. The red links represent excitatory projections while, the blue ones signify inhibitory
connections. The right box contains the description for the abbreviations used.

There are some studies that describe the relative strength of some but not all of the links
in the network. Besides, the relative measure used to determine the relative connection
strength of one link is usually different from the other. It is also often the case that the ex-
perimental subjects are different for different studies. [Van Albada, ...] Even if there is a pos-
sibility of getting all connection weights in fair experimental measure from a single study,
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Our first steps: 3. on culture data

Spontaneous activity
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Pruning on control profile
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Primary targets of the pruning strategies:

• random pruning: random edges

• out/in - pruning: outgoing/ incoming edges of a random node

• ordered-MM pruning: edges from MM set of earliest generation

• resilient pruning: edges from MM set of latest generation

Two scenarios:

• conditioned: while keeping the network intact

• unconditioned: with no concern to fragmentation
9



Effect of pruning on nCN of networks

Conditioned vs unconditioned edge pruning
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• The three biological networks resemble the scale-free networks.
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Protecting spanning digraphs

Towards a common structure
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• protecting a given set of edges affects the rate of change in nCN.
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Analyzing different networks
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Cardinality curve

Extracting MM reserves

E =
l⋃

k=1

Ek ,

where E1 ≤MM E

Ek ≤MM E −
k−1⋃
w=1

Ew
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Degeneration on

Spiking Neural Networks



Parent networks

The three domains of networks before degeneration

(N=1000, ρ=10%, nExc=800, nInh = 200, wInh = -g*wExc)

as we degenerated the networks, converging onto the completely uncorrelated state driven by uncorrelated70

Poisson inputs. Thus, surprisingly, neither network topology nor synapse pruning strategy made any71

di�erence to degeneration-induced changes in the network activity state. Instead, all pruning-induced72

changes could be explained by how pruning altered the E-I balance and sparsity of the network. Similar73

results were also observed for the excitation-dominated regime of the network activity dynamics (see74

Supplementary Fig. S1). Because the excitation-dominating regimes have little biological significance, we75

focused on the inhibition-dominated regime.76

Fig. 1. Network connectivity and spiking activity of parent networks. A. Schematic of three types of network topologies. B. Example of adjacency matrices of the three types
of networks. Here we used 1,000 neurons (800 excitatory and 200 inhibitory) which were sparsely connected (with 10% connection density in their unpruned state). C. Spike
activity raster for the networks shown in panel B. Here the networks were tuned to operate in an inhibition dominated regime g = 5.

Although pairwise correlations generally decreased with degeneration, we observed two exceptions. For77

the scale-free networks, pairwise correlations increased for two of the neurodegenerative strategies (iout78

and ideg; cf. Methods) as we reduced the number of neurons in the network (Fig.2C - right half, columns79

marked by downward triangles). In these two neurodegenerative strategies, we primarily removed neurons80

that were weakly connected. This preserved the hubs at the later stage of degeneration, thereby facilitating81

high shared connections leading to increased pairwise correlations. These results suggest that, barring these82

two exceptions, the network activity state was neither influenced by network topology, nor by the specific83

neuron or synapse pruning strategy.84

Effect of degeneration on network topology. To understand why network activity was not influenced by85

the di�erent network topologies and degeneration strategies, we quantified how our di�erent degeneration86

strategies altered the network topology. To this end, we estimated the connection density, the number of87

pairs that shared common presynaptic neighbours, spectral radius, node centrality, clustering coe�cient88

and characteristic path length as pruning progressed in each of the network topologies (cf. Methods). In89

addition, we also considered the degree distribution and computed the topology indices of the networks90

(randomness, small world index, scale-freeness; cf. Methods) to label them as random, small-world, scale-free91

or any other type.92

By design, all synaptic pruning strategies removed equal numbers of synapses at each stage of pruning.93

Therefore, the connection density and node degree were preserved for all three topologies at each pruning94
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Quantifying network properties

Functional and structural estimates

□ Dynamical features:

Rate, Variability, Regularity, Correlation, Synchrony, ...

□ Structural features:

Degree, Effective synaptic input, Shared input, ...

□ Measures of topology

• randomness:

comparing the degree distribution with random networks of the same

size and density.

• small-worldness:

ϕ =

√
1 − ∆2

C+∆2
L

2 , where ∆C = Cl−Co
Cl−Cr

and ∆L = Lo−Lr
Ll−Lr

• scale-freeness:

comparing the degree distribution if it follows power-law and with

exponent bounded between 2 and 3.
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The effect of pruning on SNNs

The estimates for each network is done as follows:

Supporting information442

S1. Spiking activity statistics of an Erdös-Rényii network under synaptic pruning. The ratio of the number of excitatory and inhibitory neurons was 4. Synapses from
inhibitory neurons were 5 times stronger than those from excitatory neurons (g=5). A. Spiking activity for 1s and the corresponding Peri-Stimulus Time Histogram (PSTH)
of the network of 1,000 neurons. B-D. Sample dynamical quantities for an unpruned ER spiking network: firing rate (A), spiking irregularity via coefficient of variation of the
inter-spike intervals (B) and mean pairwise correlation of neurons. E-F. Sample structural quantities: effective synaptic weight (E) and the percentage of shared presynaptic
neighbours of neurons (F). G-K. The mean of each of the quantities in (B-F) as the network loses its 10K synapses at a time until the last 10K synapses remained. The
five pruning strategies are ordered (blue), out- (yellow), random (green), resilient (red) and in- (purple) pruning strategies. Since the pruning graphs are shown in increasing
connection density (fl), pruning progressed from right to left.
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Degeneration on dynamics

Synaptic and/or neuronal death on dynamics

Fig. 2. The changes in the activity states of neuronal networks due to different types of degeneration. Each panel is divided by a white vertical midline to separate synaptic
pruning on the left half and neurodegeneration on the right half. The vertical axis for the left half denotes connection density fl, for the right half it denotes network size, N .
The degeneration progresses from top to bottom. Each half is further subdivided into three partitions, corresponding to ER, SW and SF networks. Each partition comprises
the five synaptic pruning strategies on the left half and the five neurodegenerative strategies on the right half. The synaptic pruning strategies are arranged as ordered, out-,
random, resilient and in-pruning strategies, whereas the neurodegenerative strategies are arranged as increasing-out-degree, increasing-degree, random, decreasing-degree
and decreasing-out-degree degeneration strategies (see the color code for these at the bottom of the Figure). Each small square in the colormaps represent an average value
(10 realizations) of the specified network activity descriptor. Top and bottom rows represent weak (g = 5) and strong (g = 7) inhibition-dominant states. Mean firing rate (A),
spike time irregularity (B) and spike time asynchrony (C) of the networks undergoing progressive synaptic pruning and neurodegeneration for the two activity regimes.

stage. However, other measures of network structure changed in a similar fashion for all three network95

topologies (Fig. 3A). Progressive synaptic pruning and neurodegeneration both clearly withered the node96

centrality in a monotonic fashion for all three network topologies (Fig. 3A, left). However, the relative97

decrease in node centrality di�ered for each neurogenerative strategy. Whereas two of our non-random98

neurodegenerative strategies (dout and ddeg) preferentially pruned neurons with higher degree, the other99

two (iout, ideg) removed neurons with lower degree. As expected, networks lost their node centrality faster100

when they lost neurons with higher degree (Fig. 3A - left).101

Independently of the network topology as well, both synaptic and neuron degeneration resulted in an102

increase in the average characteristic path length, because of the loss of short-cuts (Fig. 3A - middle). While103

there were not di�erences associated with the network topology, two synaptic pruning strategies (out-pruning104

and in-pruning) increased the average characteristic path length of the network more significantly than105

the other pruning strategies (Fig. 3A - middle). This was because these two pruning strategies prioritized106

the sequential removal of all outgoing or incoming projections of the neurons, respectively. In contrast107

to the synapse pruning, our neurodegenerative strategies did not a�ect the average shortest path length,108

because neuron loss also meant synapse loss. Whereas neuron loss by itself decreased the path length, the109

concomitant synapse loss increased the average path length.110

Similar to characteristic path length and node centrality, network degeneration also reduced clustering in111

the networks, again irrespective of their network topology (Fig. 3A - right). The pruning induced decrease112

in the clustering coe�cient was smaller in SW networks as these networks have higher clustering to begin113

with. In fact, clustering is the main property that defines a SW network [9]. Note that clustering is not114

always expected to decrease by synaptic loss, because clustering is an estimate of how well the neighbours115
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Degeneration on network structure

Synaptic and/or neuronal death on structure

are themselves interconnected. In fact, two networks of the same size but with di�erent connection densities116

can have equal clustering coe�cients. For example, if a neuron has only two synaptic neighbours, its117

clustering coe�cient would be maximal if the neighbours were themselves interconnected, whereas a hub in118

a sparse network would have a small clustering coe�cient if the neighbours were not well interconnected.119

Fig. 3. Changes in structural features of neuronal networks due to different types of degeneration. Each panel is presented in the same way as in Fig.2. A Different measures
of network structure: node centrality (left), average shortest path length L (middle), and clustering coefficient cc (right) of the directed networks. Normalization was performed
across parent networks. B Changes in the network topology with progressing degeneration. Red color indicates that the network satisfies the criteria for ER (left), SW (middle)
and SF (right). Randomness was estimated using a Chi-squared (‰2) test for randomness using a Gaussian degree distribution fit. Small-worldness was estimated using the
small-world propensity condition („ >= 0.6), computed from path-length and clustering. Scale-freeness was defined by the extent of fulfilling a power-law degree distribution
(cf. Methods).

Among the five neurodegenerative strategies, only the random loss of neurons preserved the clustering in120

all networks. The two neurodegenerative strategies that progressively targeted poorly connected neurons121

(iout and ideg) increased the clustering for all network types. The neurodegenerative strategies that removed122

neurons with relatively higher degrees (dout and ddeg) increased the average clustering in small-world123

networks. Because, by definition, SW networks have high clustering and homogeneity in degree distribution,124

neurodegenerations in increasing or decreasing degree had a similar impact on the network. By contrast, in125

ER and SF networks, neurodegeneration resulted in rapid loss of clustering. Moreover, in SF networks,126

neurodegeneration also removed hubs.127

To further characterize how synapse and neuron loss altered the network structure, we estimated how128

random, small-world or scale-free the networks were after pruning (cf. Methods). Our analysis revealed that129

in most cases, synapse or neuron pruning altered the structure of the network topology qualitatively, such130

that the network failed to maintain their original characteristic topology in the wake of neurodegeneration131

(Fig. 3B). Given that each network topology was altered following 10 di�erent degeneration strategies, ER132

networks maintained their randomness for three, SW networks maintained their small-worldness for five133

and SF networks maintained their scale-freeness for six strategies. SW topology was most robust to neuron134

loss, whereas SF topology was more robust to both synapse and neuron loss.135
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Correlation between structure and dynamics

Effective synaptic weight correlates well with dynamical estimates

S2. Comparison of structural and dynamical features of spiking networks with progressing degeneration. Each panel is presented in the same way as in Fig. 1. The top two
rows comprise structural measures: effective synaptic weight (ESW ) and its variability, the bottom three rows represent dynamical measures: firing rate (⁄), its variability
(‡⁄), and the coefficient of variation of inter-spike intervals (CV ). A. Excitation-dominant state (g = 3.) B. Inhibition-dominant state (g = 5.)
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Fig. 4. The prominence of effective synaptic weight (ESW ). A. ESW correlated well with the global firing rate (top), asynchrony (middle) and irregularity (bottom). B (top).
Changes in ESW with degeneration of random, small-world and scale-free networks by five synaptic pruning and five neurodegenerative strategies. B (bottom). Estimation
of the five dynamical descriptors from the nine structural quantities of the networks. The dynamical quantities are mean and standard deviation of the firing rates (⁄, ‡⁄),
the Fano factor to measure synchrony (FF ), the mean pairwise correlation of spike trains (c), and the coefficient of variation of the inter-spike intervals to measure the
irregularity of the spike patterns. The structural quantities are the mean and standard deviation of the effective synaptic weights ( ¯ESW, ‡ESW ), the shared presynaptic
neighbours (s̄h), the mean and standard deviation of the degree distribution (K̄, ‡K ), spectral radius (R), relative strength of inhibitory synapses (g), the network size (N )
and the connection density (fl). For all structure-dynamics analyses, 300 Erdös-Rényii random, 300 small-world and 300 scale-free networks of 10 different sizes, 10 distinct
connection probabilities and 3 different values of inhibition-dominance (g = 5, g = 6 and g = 7) were independently simulated in addition to the degeneration data (cf.
Methods).

Effective synaptic weight is a better indicator for network dynamics. The aforementioned analysis suggests136

that network topology by itself is not an important descriptor of the network activity dynamics. That137

is, network structure descriptors such as clustering coe�cient, characteristic path length, etc. are not138

particularly useful for determining the dynamics of neuronal networks. This raises a pertinent question:139

which graph theoretic descriptors are more useful for determining the network activity dynamics? In the140

previous Sections, we generated 5,460 networks with di�erent connection structures, operating in di�erent141

activity regimes, to characterize the e�ect of network degeneration on structural features and network142

activity. With 3,600 additional networks, we identified the features of network structure most correlated143

with the network activity dynamics.144

We used standard multivariate linear regression to identify the contributions of nine di�erent descriptors145

of network structure to characterize the network activity dynamics (cf. Methods). We found that the146

e�ective synaptic weight ( ¯ESW ) was the most significant measure to infer most network activity statistics147
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